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ON MULTIPLICITY AND FREE ABSORPTION FOR FREE
ARAKI-WOODS FACTORS.
DIMITRI SHLYAKHTENKO
Abstrat. We show that Ozawa's reent results on solid von Neumann algebras imply
that there are free Araki-Woods fators, whih fail to have free absorption. We also show
that a free Araki-Woods fators Γ(µ, n) assoiated to a measure and a multipliity funtion
n may non-trivially depend on the multipliity funtion.
In [6℄ we have assoiated to the absolute ontinuity lass of a symmetri measure µ on
R, µ(X) = µ(−X), and a multipliity funtion n : R → N ∪ {+∞}, n(x) = n(−x), a von
Neumann algebra denoted by Γ(µ, n)1. This onstrution is the free probability analog of the
Araki-Woods onstrution of hypernite type III fators using quasi-free states [1, 2℄. The
algebras Γ(µ, n) are alled free Araki-Woods fators; they are fators of type III if µ is not
onentrated on the set {0}. The omplete lassiation of free Araki-Woods fators remains
an interesting outstanding problem, and was ahieved in [6℄ only for atomi measures µ. In
our reent work [5℄ we have introdued new invariants for type III fators, whih show that
the algebras Γ(µ, n) depend to a large extent on the absolute ontinuity lass of the measure
µ. On the other hand, it remained ompletely unknown in general whether the multipliity
funtion n matters at all. In the ase that µ is atomi and not onentrated on {0}, we have
shown in [6℄ that Γ(µ, n) is independent of the multipliity funtion, leading one to wonder
if the same holds in general.
Our onstrution of a free Araki-Woods fator Γ(µ, n) produes also a state φµ,n : Γ(µ, n)→
C, whih is the analog of the quasi-free state in the lassial Araki-Woods onstrution. We
have shown in [6℄ that the redued free produt of free Araki-Woods fators is given by:
(Γ(µ, n), φµ,n) ∗ (Γ(µ
′, n′), φµ′,n′) ∼= (Γ(µ+ µ
′, n+ n′), φµ+µ′,n+n′),
with the isomorphism preserving the indiated states.
Independene of n then says in partiular that
(Γ(µ, n), φµ,n) ∗ (Γ(µ, n), φµ,n) ∼= Γ(µ, n)
(via an isomorphism that does not neessarily take the free produt state to φµ,n).
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Our original notation for this algebra is Γ(HR, Ut)
′′
, where t 7→ Ut is an orthogonal representation of R
on a real Hilbert spae. This data is of ourse ompletely equivalent to speifying the spetral measure µ
and multipliity funtion n of suh a representation. It is more onvenient to use the notation Γ(µ, n) in the
present paper.
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Another property of free Araki-Woods fators whih holds for µ atomi and not onen-
trated on {0} is the free absorption property:
Γ(µ, n) ∼= (Γ(µ, n), φµ,n) ∗ (L(F∞), τ),
where L(F∞) denotes the von Neumann algebra of a free group on an innite number of
generators.
In this note we rely on the amazing reent result of Ozawa [3℄ showing that von Neu-
mann algebras of hyperboli groups (in partiular, of free groups) are solid: the relative
ommutant of any diuse unital subalgebra is hypernite. From this result, we derive the
following theorem, whih shows that in the ase that µ is non-atomi, free absorption and
independene of the multipliity funtion need not hold.
Theorem 1. Let λ denote the Lebesgue measure on R, and let δ0 denote the delta measure
at 0. Then:
(a) Γ(λ+ δ0, 1) 6∼= Γ(λ+ δ0, 2). Thus Γ(λ+ δ0, n) depends on n.
(b) Γ(λ, 1) 6∼= (Γ(λ, 1), φλ,1) ∗ (L(F∞), τ). Thus free absorption fails.
Proof. It is known that the ore of Γ(λ, 1) is isomorphi to L(F∞) ⊗ B(ℓ
2) (see [7℄). We'll
rst show that the ore of Γ(λ+ δ0, 1) is isomorphi to L(F∞)⊗ B(ℓ
2).
We have that (Γ(λ+ δ0, 1), φλ+δ0,1)
∼= (Γ(λ, 1), φλ,1) ∗ (Γ(δ0, 1), φδ0,1). Thus by [7℄, the ore
of Γ(λ+ δ0, 1) is isomorphi to the amalgamated free produt
(Γ(λ, 1)⋊
σ
φλ,1 R, E1) ∗L(R) (Γ(δ0, 1)⋊σφδ0,1 R, E2).
Here Ej are the onditional expetations onto the group von Neumann algebra of R (viewed
as a subalgebra of the rossed produt), assoiated to the states φλ,1 and φδ0,1, respetively.
Sine Γ(δ0, 1) ∼= L
∞[0, 1] by [6℄, we have that the ore of Γ(λ+ δ0, 1) is isomorphi to
(Γ(λ, 1)⋊
σ
φλ,1 R, E1) ∗L(R) (L(R)⊗ A, id⊗τ),
where A ∼= L∞[0, 1], and τ is some normal faithful trae on A.
Let Tr : L(R) → C be the seminite trae assoiated to integration against Lebesgue
measure in the identiation L(R) ∼= L∞(R). Then by [8, 4℄, we have that (Γ(λ, 1)⋊R, E1)
is isomorphi to (Φ(L(R),Tr), EL(R)) (see [4℄ for this notation). In other words, the ore
of Γ(λ, 1), when viewed as a non-ommutative probability spae over L(R) is generated by
L(R) and an operator-valued semiirular variable X of ovariane η : L∞(R) → L∞(R),
where η is a ompletely-positive map given by
η(f)(x) =
∫
f(y)ω(x, y)dy,
where ω > 0 is a ertain funtion on R2 (i.e., ω(x, y)dxdy and dxdy are mutually absolutely
ontinuous).
Sine the ore of Γ(λ+ δ0, 1) is given as an amalgamated free produt, it follows that X is
free with amalgamation over L(R) from A⊗L(R). Thus by [7℄, if we view X as an operator-
valued random variable with values in A ⊗ L(R), it is still semiirular and has ovariane
η ◦ (id⊗τ) ∼ Tr ◦(id⊗τ) : L(R)⊗A→ C. But (L(R)⊗A,Tr⊗(id⊗τ)) ∼= (L(R),Tr). Thus
the ore of Γ(λ+ δ0, 1) is isomorphi to Φ(L(R),Tr) ∼= L(F∞)⊗B(ℓ
2) by [7℄.
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We now prove the non-isomorphisms laimed in (a) and (b). It is suient to show that
the ores of Γ(λ+ δ0, 2) and (Γ(λ, 1), φλ,1)∗ (L(F∞), τ) are not isomorphi to L(F∞)⊗B(ℓ
2).
The ore of Γ(λ+ δ0, 2) is isomorphi, as before, to
(Γ(λ, 2)⋊
σ
φλ,2 R, E3) ∗L(R) (Γ(δ0, 2)⋊σφδ0,2 R, E4).
But by [6℄, (Γ(δ0, 2), φδ0,2)
∼= (L(F2), τ), and the ore of Γ(λ+ δ0, 2) is given by
(Γ(λ, 2)⋊
σ
φλ,2 R, E3) ∗L(R) (L(F2)⊗ L(R), τ ⊗ id).
Now hoose an abelian diuse subalgebra B ⊂ L(R), so that the restrition of the trae
on the ore of Γ(λ + δ0, 2) to B is nite. Denote by p the unit of B. Then the relative
ommutant of B = pBp inside of p(Γ(λ, 2)⋊
σ
φλ,2 R, E3)∗L(R) (L(F2)⊗L(R), τ ⊗ id)p ontains
L(F2) and so is not hypernite. Thus p(Γ(λ, 2)⋊σφλ,2 R, E3) ∗L(R) (L(F2)⊗ L(R), τ ⊗ id)p is
not solid. Thus the ore of Γ(λ+ δ0, 2) is not a free group fator, by Ozawa's result [3℄. This
proves (a).
The ore of (Γ(λ, 1), φλ,1) ∗ (L(F∞, τ)) is, as before, given by
(Γ(λ, 1)⋊
σ
φλ,1 R, E5) ∗L(R) (L(F∞)⊗ L(R), τ ⊗ id).
Using exatly the same argument as before, we nd that the ore is not L(F∞)⊗B(ℓ
2). 
Note that the ore of Γ(λ + δ0, 2) is related to the fator L(F∞) ∗ (L(F2)⊗ L
∞[0, 1]) (the
ore is, in some loose sense, (L(F∞)⊗B(ℓ
2))∗(L(F2)⊗L
∞(R))). This explains our interest
in this fator (see the remark in [3℄).
There is, however, a situation where free absorbtion holds, and the mutipliity funtion
does not matter. For a measure ν and a number λ ∈ R, write νλ for the translate of ν by λ,
and νλ for νλ + ν−λ.
Theorem 2. Assume that µ = µc + µa, where µa is atomi and µc has no atoms. Assume
that µa 6= 0, and let Γ = {γ1, γ2, . . .} be the subgroup of R generated by its support. Assume
that Γ 6= {0}. Let ν =
∑
j 2
−jµγj . Then there is a state-preserving isomorphism
(Γ(µ, n), φµ,n) ∼= (Γ(ν,∞), φν,∞).
In partiular, Γ(µ, n) does not depend on n, and free absorbtion holds for (Γ(µ, n), φµ,n).
Proof. We rst note that the matriial model argument in [6℄ implies that if φ is a normal
state on B(ℓ2) given by
θ(T ) = Tr(DT ),
where D is a trae-lass diagonal matrix with eigenvalues exp(−λ1), exp(−λ2), . . ., with
λ1, λ2, . . . non-negative, then for any ν and m,
(B(ℓ2), θ) ∗ (Γ(ν,m), φν,m) ∼= (Γ(
∑
2−jνλj ,∞)⊗ B(ℓ2), φ∑ 2−jνλj ,∞ ⊗ θ).
Moreover, the isomorphism is state-preserving.
It follows that if the set {0} ∪ {±λj : j = 1, 2, . . .} is an additive group, then
(B(ℓ2), θ) ∗ (Γ(
∑
2−jνλj ,∞) ∼= (Γ(
∑
2−jνλj ,∞)⊗ B(ℓ2), φ∑ 2−jνλj ,∞ ⊗ θ)
∼= (B(ℓ2), θ) ∗ (Γ(ν,m), φν,m),
via state-preserving isomorphisms.
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Returning now to our situation, note that (Γ(µ, n), φµ,n) ∼= (Γ(µc, n), φµc,n)∗(Γ(µa, n), φµa,n).
By [6℄, (Γ(µa, n), φ(µa, n)) ∼= (Γ(µa, n), φ(µa, n)) ∗ (B(ℓ
2), θ), where θ(T ) = Tr(DT ), and D
is a diagonal operator with eigenvalues {eγj : γj < 0}. Thus (Γ(µ, n), φµ,n) ∼= (Γ(µ, n), φµ,n)∗
(B(ℓ2), θ). By the argument above, it follows that
(Γ(µ, n), φµ,n) ∼= (Γ(µ, n), φµ,n) ∗ (B(ℓ
2), θ)
∼= (Γ(
∑
2−jµγj ,∞), φ∑ 2−jµγj ,∞) ∗ (B(ℓ2), θ)
∼= (Γ(
∑
2−jµγj ,∞), φ∑ 2−jµγj ,∞).
Sine
∑
2−jµγj has an atom at zero, it follows that
(Γ(µ, n), φµ,n) ∼= (Γ(
∑
2−jµγj ,∞), φ∑ 2−jµγj ,∞)
∼= (Γ(
∑
2−jµγj ,∞), φ∑ 2−jµγj ,∞) ∗ (L(F∞), τ)
∼= (Γ(µ, n), φµ,n) ∗ (L(F∞), τ),
so that free absorption holds. 
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